Orbital-free density functional theory (OFDFT), with its attractive linearly scaling computation cost and low prefactor, is one of the most powerful first principles methods for simulating large systems (∼10 4 -10 6 atoms). However, approximating the electron kinetic energy with density functionals limits the accuracy and generality of OFDFT compared to Kohn-Sham density functional theory (KSDFT). In this work, we test whether the Huang-Carter (HC) kinetic energy density functional (KEDF), which contains the physics to properly describe covalently bonded semiconductor materials, can also be used to describe covalent bonds in molecules. In particular, we calculate a variety of homonuclear diatomic molecules with the HC functional within OFDFT. The OFDFT bond dissociation energy, equilibrium bond length, and vibrational frequency of these dimers are in remarkably good agreement with benchmark KSDFT results, given the lack of orbitals in the calculation. We vary the two parameters λ (controlling the reduced density gradient contribution to the nonlocal kernel) and β (the exponent of the density in the nonlocal term) present in the HC KEDF and find that the optimal λ correlates with the magnitude of the highest occupied molecular orbital -lowest unoccupied molecular orbital energy gap. Although the HC KEDF represents a significant improvement over previous KEDFs in describing covalent systems, deficiencies still exist. Despite the similar overall shape of the KSDFT and OFDFT ground state electron densities, the electron density within the bonding region is still quite different. Furthermore, OFDFT is not yet able to give reasonable description of magnetic states. The energy orderings of the triplet and singlet states of Si 2 and Al family dimers are not consistent with KSDFT or experimental results and the spin polarization distributions also differ widely between the two theories.
I. INTRODUCTION
Among first principles quantum mechanics methods for studying molecular and material properties, the most widely employed one today is density functional theory (DFT), the cornerstone of which was established by Hohenberg and Kohn. 1 One DFT scheme in particular, Kohn-Sham DFT (KSDFT), 2 has become one of the most powerful methods available due to its ability to deliver quite accurate predictions at a reasonable computational cost. However, the orbital orthonormalization and k-point sampling required in KSDFT makes the computation scale as the cube of the system size N, often with a large prefactor. Although a number of linear scaling KSDFT algorithms exist, [3] [4] [5] [6] [7] [8] they generally only become linear scaling above ∼100 atoms due to a large algorithmic prefactor and are usually applicable only for nonmetallic systems. Even though a couple of metallic/semi-metallic systems have been studied with linear scaling KSDFT, 8 a considerable buffer size is required to reach an accuracy comparable to conventional KSDFT methods. As a result, the prefactor of the linear scaling algorithm can become very large, which a) Author to whom correspondence should be addressed. Electronic mail:
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is proportional to the KSDFT computation cost in each subdomain. The prefactor will be even larger if k-point sampling is needed when periodic boundary conditions are applied to sub-domains. As a result, in practice it is still prohibitive to carry out KSDFT simulations to answer interesting scientific questions if the sample size is much beyond a few hundred atoms, even with access to supercomputing power. An alternative DFT scheme, orbital-free DFT (OFDFT), 9 demonstrates promising competence in simulating much larger numbers of atoms. [10] [11] [12] [13] Because the only variable in OFDFT is the density distribution of electrons, the number of degrees of freedom is reduced from 3N (in the case of N orbitals) to only 3 (for the electron density). This tremendous simplification allows the computation to scale quasilinearly with the system size (O(NlnN)). In contrast to the linear scaling KSDFT methods, OFDFT has a much smaller prefactor, 10 and shows excellent accuracy and efficiency when simulating metallic systems. [10] [11] [12] [13] [14] [15] OFDFT simulations of sample sizes containing thousands and even 10 4 atoms are now routine, 11, 14, 15 with benchmark calculations performed for more than 10 6 atoms, on a modest number of processors.
OFDFT is thus far less accurate than and not as generally applicable as KSDFT. The inaccuracy compared to KSDFT originates from two sources. Unlike KSDFT in which orbitalbased nonlocal pseudopotentials (NLPSs) can be employed to account for the interaction between electrons and ions (nuclei plus their core electrons), [16] [17] [18] the lack of orbitals in OFDFT means the only option is to use a local pseudopotential (LPS), which provides much less flexibility. However, some LPSs have demonstrated excellent accuracy and transferability, [19] [20] [21] even for a transition metal, 22 when compared to NLPSs, suggesting that inaccuracies in the electron-ion term in principle can be overcome for OFDFT. Instead, the major source of error in OFDFT lies in describing the non-interacting electron kinetic energy in terms of only the electron density, using a kinetic energy density functional (KEDF). Although the Hohenberg and Kohn theorems 1 proved the existence of a universal KEDF, they do not offer any specific details for constructing it. The exact form of the KEDF remains unknown, although many approximations to it have been proposed through years. The Thomas-Fermi (TF) KEDF, [23] [24] [25] which of course preceded modern DFT, was the first "naïve" attempt but it is only exact for the non-interacting uniform electron gas and fails to predict any atomic shell structure or chemical bonding. 26, 27 Inclusion of the von Weizsäcker (vW) KEDF (Refs. [28] [29] [30] (the TFλvW model) improves the TF model, but still is not accurate for most systems. Other local or semilocal KEDF models, containing higher order derivatives of the density, were proposed later on but offered little improvement. 31, 32 In recent decades, several nonlocal KEDFs, such as the Chacón-Alvarellos-Tarazona, [33] [34] [35] Wang-Teter (WT), 36 and Wang-Govind-Carter (WGC) (Ref. 37 ) KEDFs have been proposed, which are all based on linear response theory. These KEDFs exhibit greatly improved accuracy compared to local or semilocal KEDFs, and demonstrated accuracy comparable to KSDFT for nearly-free-electron-like main group metals. [38] [39] [40] However, constructing an accurate KEDF for systems other than main group metals remained elusive. For example, the aforementioned nonlocal KEDFs are mostly inadequate for studying covalently bonded materials, 41 where valence electrons are more localized and the linear response behavior is rather different from that in metallic systems. 42 Very recently, the Huang-Carter (HC) KEDF was proposed for semiconductor materials based on the dielectric response of semiconductors. It exhibited remarkable accuracy and transferability in calculating properties of silicon and group III/V semiconductors. 43 This motivated us to consider if this HC KEDF could improve the generality of OFDFT such that other types of systems could be accurately treated. In particular, because the HC KEDF is able to treat the covalent bonds in crystals, we sought to test the validity of OFDFT in treating covalent bonds in molecules. Here we focus on homonuclear diatomics (dimers) so as to study purely covalent bonds, though one example of a heteronuclear diatomic is also provided.
Despite their seeming simplicity, quantitative treatment of dimers remains a huge challenge for OFDFT. To our knowledge, very few studies 44 have been done on molecule dissociation using self-consistent OFDFT calculations. Some have employed Hartree-Fock or KSDFT densities to evaluate non-self-consistent OFDFT bond energies in small molecules such as F 2 and the CH 4 molecule. [45] [46] [47] All of them, however, demonstrated unsatisfactory OFDFT results due to inaccurate KEDFs such as those based on a gradient expansion. On the other hand, the nonlocal KEDFs proposed for nearlyfree-electron-like metals based on the perturbed uniform electron gas are also not appropriate for describing molecules. A simple dimer is even more difficult for OFDFT to treat than semiconductor crystals, because multiple covalent bonds can be involved and spin-polarized calculations are also required for the open-shell ground states of some dimers. In the present work, a variety of dimers are calculated utilizing OFDFT with the HC KEDF. Via comparison with KSDFT results, we demonstrate that OFDFT can treat dimer molecules remarkably well given the lack of a wavefunction, although OFDFT clearly still has remaining defects to be rectified.
The rest of this paper is structured as follows. In Secs. II and III, the formalisms and numerical details are given. Then results for properties of different kinds of dimers are presented, including equilibrium bond lengths, bond dissociation energies, and vibrational frequencies. Predictions made with the HC and other semilocal and nonlocal KEDFs are compared to KSDFT benchmarks. Ground state density distributions are also analyzed and compared with KSDFT densities. The sensitivity of the results to the parameters in the HC KEDF is also presented and discussed. We end with a discussion of prospects for future improvements.
II. FORMALISM
The Hohenberg-Kohn theorems 1 state that the electronic total energy can be expressed as a functional of the electron density alone:
where n is the total electron density, T s is the non-interacting electron kinetic energy, J is the Hartree electron repulsion energy, and E xc is the exchange-correlation energy. The last term, E ext , is the energy related to external fields, such as ionic (or nuclear) potentials. This Hohenberg-Kohn energy functional in Eq. (1) is precisely the OFDFT energy functional. A number of the dimers have ground states that are openshell multiplets. To treat them, we must extend the OFDFT formalism to allow for spin polarization. The total OFDFT energy functional including spin polarization is simply written as
where n up and n down are the densities of spin up and spin down electrons, respectively. The Hartree and external energies generally remain the same as in the spin-unpolarized formalism, though local spin-dependent electron-ion potentials could be used. 48 The exchange-correlation energy can be evaluated within local spin density approximation (LSDA) (Refs. 49-52) or spin-polarized generalized gradient approximation (GGA) functionals. 53 The non-interacting kinetic energy is evaluated through the equation,
The total energy is variationally minimized subject to the constraint that the total number of electrons remains fixed. The problem of finding a minimum with a constraint can be converted to a problem of finding a stationary point by means of Lagrange multipliers:
where N is the total electron number and μ is the chemical potential. For spin-polarized and fixed magnetization calculations, we simply generalize to
where N up and N down are the spin up and spin down electron numbers, and μ up and μ down are the chemical potentials for spin up and spin down electrons, respectively. Our optimization algorithm is implemented similarly to that described in Ref. 55 , except that in each iteration the optimization directions θ α and θ β are simultaneously optimized to minimize the total energy via a two-dimensional conjugate gradient search instead of the approximation introduced in the original paper.
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III. NUMERICAL DETAILS
The OFDFT calculations are performed with a modified version of our PROFESS 2.0 code 56, 57 and the benchmark KS-DFT calculations are carried out with the ABINIT code. 58 In both OFDFT and KSDFT calculations, bulk-derived local pseudopotentials (BLPSs) are used. For all local density approximation (LDA) BLPSs except that of lithium, we employ previously reported ones, 21, 43 while the lithium LDA BLPS and all GGA BLPSs were generated as described in the literature; 21 details are given in the Appendix. For the exchange-correlation functionals, the Perdew-Zunger (PZ) (Refs. 49, 50, and 52) form of the LSDA and the PerdewBurke-Ernzerhof (PBE) (Ref. 53) form of the GGA is employed in all calculations.
As mentioned earlier, our focus is on testing the HC KEDF for use in molecular simulations. The HC KEDF possesses a similar form to some previous nonlocal KEDFs: 36, 37 
where T TF is the TF KEDF with C TF = 3/10(3π 2 ) 2/3 ; T vW is the vW KEDF, and T NL is the nonlocal term, which includes a single-density-dependent kernel:
where k F is the Fermi wave vector, k F (r) = (3π 2 n(r)) 1/3 . The kernel can be solved for numerically in reciprocal space according to Eq. (13), where η is a dimensionless momentum vector, η = q/(2k F ). For the parameters λ and β in the HC KEDF, selected values in the literature 43 (λ = 0, 0.01, and 0.01177, β = 0.65 and 0.7143) are employed. For some dimers, the parameters are tuned slightly to achieve better results. We also compare the accuracy of the HC KEDF to the TF1/5vW, 29, 59 TF1/9vW, 31 WGC, 37 and WT (Ref. 36) KEDFs. When using WGC and WT KEDFs, an average electron density needs to be specified, which is not well defined for molecules. Here we first obtain the ground state density from KSDFT calculations at the equilibrium bond length of each dimer. The average density is then determined by averaging the total electron density in the bonding region between nuclei, where the density is greater than 10 −2 a.u. The kinetic energy cutoff for the plane-wave basis is selected so that the total energy is converged to within 1 meV/atom. KSDFT calculations all employ a 900 eV kinetic energy cutoff and OFDFT calculations use a kinetic energy cutoff of 1600 eV. In each total energy vs. bond length curve, the initial guess for the wavefunctions in KSDFT calculations is set to be the default in the ABINIT code for the first bond length, usually 1.8 Å. Upon increase of the bond length, for each of the subsequent bond length calculations, the initial guess is taken as the resulting wavefunctions from the previous (one step smaller) bond length calculation. In OFDFT calculations, the initial guess of the density is always taken as the uniform average density of the system (defined as discussed above).
To test the quality of OFDFT for treating diatomic molecules, different kinds of dimers including Al 2 , Ga 2 , In 2 , Si 2 , P 2 , As 2 , Sb 2 , Li 2 , and Mg 2 are considered. A heteronuclear diatomic molecule, AlP, is also examined. For each of them, the equilibrium bond length (r e ), vibrational frequency (ω e ) and bond dissociation energy (D 0 ) is computed and then compared with KSDFT results. In both OFDFT and KSDFT calculations, the periodic cell is set to be 20 × 10 × 10 Å, with the dimer in the center of the cell aligned in the longest direction, which guarantees the distance between nearest images is larger than 10 Å for all bond lengths considered. In generating the total energy versus bond length curves, the dimer is kept in the center while the distance between two atoms is varied. The magnetization is fixed to be 0 in the singlet calculations and 2 in the triplet calculations. Around the total energy minimum, a ±0.01 Å region is employed to perform quadratic fitting so as to calculate the equilibrium bond length r e and the vibrational frequency ω e , which is then used to calculate the zero-point energy, E 0 = hω e /4π . To calculate the bond dissociation energy, the difference between the total energies at the equilibrium bond length and the dissociation limit (bond length equal to 10 Å) is first computed, and then we subtract the zero-point energy to obtain the D 0 values reported. Single atom energies are also calculated, with a 10 × 10 × 10 Å periodic cell. The resultant energy is then multiplied by two to obtain the full dissociation limit energy. down electron occupies each of the π -orbitals, respectively, resulting in an open-shell singlet. However, due to the single determinant nature of KSDFT, it actually cannot be considered as a true 1 g state. The parameters in the HC KEDF in Table I were adjusted to generate reasonable D 0 values, while r e changes little with these parameter alterations. For these three dimers, the HC KEDF parameters can be adjusted such that OFDFT D 0 results are in remarkably good agreement with the KS-DFT benchmarks. In all cases, λ = 0 gave the best results, while β = 0.51 or 0.7143 were optimal. For singlet states, the D 0 difference between OFDFT and KSDFT is usually less than 0.03 eV, while for triplet states, the difference is a little larger, about 0.3 eV. The r e values computed by OFDFT are very close to the KSDFT values, with deviations usually less than 0.05 Å (except for the GGA results of In 2 ). The OFDFT vibrational frequencies are also in a reasonable range around the KSDFT values. We observe the usual overbinding by LDA in both KSDFT and OFDFT results: LDA generally predicts larger D 0 , smaller r e , and larger ω e than GGA does. Remarkably, OFDFT-GGA predicts D 0 , r e , and ω e within 0.15 eV, 0.05 Å, and 30 cm −1 of experiment, respectively. To put this level of agreement in perspective, Table II compares the ability of different KEDFs used within OFDFT to predict D 0 . TF KEDF results are not listed because (as expected) it did not produce bonding for any dimer. Also, WGC KEDF results could not be obtained because the evaluation of the WGC KEDF via Taylor expansion for highly fluctuating densities makes the calculation unstable and hard to converge. Although all the other KEDFs examined predict bound states, the TFλvW KEDFs greatly underbind the molecules while the WT KEDF greatly overbinds them. The HC KEDF is the only one that can obtain near quantitative agreement with KSDFT for covalent bond energies, albeit without a universal parameter set (optimal λ or β varies somewhat).
IV. RESULTS AND DISCUSSION
A. Energy analysis
Despite this achievement, Fig. 1 reveals the first clue of remaining flaws in our formalism. The KSDFT and OFDFT potential energy curves are compared in Fig. 1 for the two different spin states of Al 2 . KSDFT (black and red squares) predicts the triplet state to be lower in energy than the singlet state, consistent with experiment. OFDFT, independent of KEDF used, predicts the reverse energy ordering, with the Fig. 2 provides the corresponding potential energy curves. Again, the OFDFT HC KEDF and KSDFT D 0 , r e , and ω e values match reasonably well but OFDFT still incorrectly predicts the ground state to be singlet instead of triplet. Nevertheless, Table II reveals that the HC KEDF is the best among the KEDFs, with TFλvW again greatly underbinding and WT vastly overbinding.
More attention could be paid to the choice of parameters in the HC KEDF for the Al family dimers and Si 2 . We see that zero λ is optimal for the Al family dimers while non-zero λ is optimal for Si dimer. In the HC KEDF paper, 43 zero λ was found to be optimal for metallic systems, such as face-centered-cubic (fcc) bulk Al, while non-zero λ is optimal for covalent systems, such as bulk cubic diamond (CD) Si. As it turns out, the optimal parameter set for Si 2 , λ = 0.01 and β = 0.65, is the same as that for bulk CD Si. 43 The coincidence is interesting although these dimers are molecular rather than bulk crystals. We will return to the effects of parameters λ and β in Sec. IV C. Table IV shows predicted properties of P 2 , As 2, and Sb 2 , which all form triply bonded singlet ( with KSDFT, the covalent bonding physics contained in the HC KEDF yields far superior results to those provided by TFλvW and WT KEDFs, as seen in Table V . However, the triple bond character is clearly more challenging to capture in OFDFT than the single or double bonds of group III and IV dimers. Finally, we consider Li 2 and Mg 2 with results listed in Table VI. OFDFT fortuitously predicts a D 0 in excellent agreement with experiment for Li 2 , but it is ∼30% smaller than KSDFT, which it is meant to approximate. The bond lengths are overestimated while the vibrational frequencies are underestimated for Li 2 within OFDFT, with respect to both KSDFT and experiment. For Mg 2 , OFDFT predicts a much larger D 0 than KSDFT and experiment, which is actually not surprising. Since each of the Mg atoms has two 3s electrons and forms a closed-shell structure, the Mg dimer only forms a van der Waals bond. The poor prediction of OFDFT for Mg 2 is expected because the HC KEDF is not designed to describe the van der Waals interaction. Furthermore, it is known that KSDFT with LDA or GGA does not treat the van der Waals interaction accurately, which is reflected in the significant difference between the KSDFT and experimental values.
The trends in PBE GGA D 0 and r e for all dimers except Mg 2 are summarized in Fig. 3 . Mg 2 is not included since the van der Waals interaction is not our focus here. We observe that OFDFT generally produces similar trends for D 0 as KSDFT. The D 0 values for Al, Ga, In, and Si dimers are reasonably close to the KSDFT ones, independent of spin state, while OFDFT predicts smaller D 0 for Li, P, As, and Sb dimers. For r e , OFDFT values fluctuate around the KSDFT values, but the deviation is not large, at most ∼0.3 Å off the KSDFT values.
We note that KSDFT has difficulty describing the dissociation limit, where the molecular orbitals formed by p atomic states, are nearly degenerate in energy. The single determinant description in KSDFT cannot treat this kind of multireference case properly. This can be seen in the large difference between KSDFT and experimental D 0 values, especially for the group V family dimers. Instead, single atom calculations can be carried out and their total energies (multiplied by two) could be considered as the total energy at the fully dissociated limit. The corrected D 0 values computed in this way are listed in to the KSDFT values. The HC KEDF results again are far superior to the other KEDFs.
B. Electron density analysis
To further evaluate the quality of OFDFT in describing molecules, it is also important to compare the self-consistent ground state electron density between OFDFT and KSDFT results. Figure 4 shows the total electron density along the bond axis for Si 2 at its equilibrium bond length in the singlet state. KSDFT and OFDFT generate density distributions with similar general shapes, but in the bonding region, the KSDFT density is larger than what OFDFT predicts, quite similar to the situation in bulk silicon, as shown in Fig. 4 OFDFT has larger density than KSDFT in the bonding region. The OFDFT density in the bonding region is increased here because a smaller λ (λ = 0) is used in the Al dimer calculations. Generally, a larger λ lowers the OFDFT density in the bonding region, as will be discussed in Sec. IV C. This effect is further illustrated in the electron density comparison for P 2 , where KSDFT predicts a much larger density than OFDFT in the bonding region.
A similar density comparison can also be carried out for the triplet states of the dimers. Figure 7 demonstrates the spin up and spin down electron density for triplet Si 2. KSDFT has larger density in the bonding region for both spin up FIG. 6 . Valence electron density of KSDFT and OFDFT along the bond axis direction for singlet P 2 at its equilibrium bond length, 1.942 Å for KSDFT (the two P nuclei are at 9.029 Å and 10.971 Å) and 2.138 Å for OFDFT (the two P nuclei are at 8.931 Å and 11.069 Å). The LDA exchange-correlation functional is used. and spin down electrons. Unlike KSDFT, OFDFT does not have equivalent densities in both spin channels. Although the general shapes look similar in KSDFT and OFDFT, the discrepancy between the two can be seen most clearly by comparing another important dimensionless variable, the spin polarization ζ , which is calculated as
In Fig. 8 , isosurfaces of different ζ values for triplet Si 2 are displayed such that we may compare how the isosurfaces evolve with decreasing ζ . In KSDFT, when ζ is large, the isosurface has a donut-like shape around the bond axis. This makes complete sense because the extra two spin up electrons comprising the triplet occupy two degenerate, orthogonal π -orbitals. As the ζ value decreases, the isosurface expands. However, in OFDFT, the shape of the isosurface is entirely different. Furthermore, the evolving trend is also reversed. The isosurface is large when ζ is large and shrinks when ζ reduced. The inaccurate behavior of OFDFT for triplet state calculations is reflected not only through the incorrect energy ordering between singlet and triplet dimers, but also through the totally different spin polarization distributions from the KSDFT results. This is likely the origin of the incorrect order of spin states and clearly requires further advances in the LPSs and KEDFs to remedy.
C. Effects of the parameters
By tuning the HC KEDF parameters λ and β, the absolute energy curve may shift upward or downward, as shown in Fig. 9 . Generally, increasing λ moves the whole curve upward while increasing β moves the curve downward. This behavior is consistent for all of the dimers, as demonstrated in Fig.  10 , where the absolute total energies for all dimers at their equilibrium bond lengths are plotted. For every parameter set shown, the curve is shifted such that the OFDFT energy of Ga 2 matches the KSDFT value for Ga 2 . The shifted curves almost overlap with each other, which implies that despite different absolute energy values with different parameter sets, the general trend of the absolute energies of each dimer at its equilibrium bond length is similar, both for singlet and triplet calculations. The behavior displayed in Figs. 9 and 10 indicates that there could be a universal parameter set that could produce a total energy at r e close to the KSDFT values for every dimer. However, as mentioned earlier, the parameter choice (especially λ) greatly affects the D 0 and ω e values, as well as the ground state electron density distribution. Table IX shows results for Si 2 using different parameter values in the HC KEDF with the LDA exchange-correlation functional. Although changing parameters has only a small effect on r e (differing less than 0.1 Å), D 0 and ω e are much more sensitive to the parameter choice, particularly between zero and non-zero λ parameter sets. Non-zero λ tends to produce a deep well, leading to large D 0 and ω e , while zero λ predicts a shallow J. Chem. Phys. well, which can also be seen in Fig. 9 . Generally, the larger λ is, the larger D 0 and ω e will be. Increasing the other parameter, β, also slightly raises the D 0 values, but much less dramatically. Besides D 0 , r e , and ω e values, we also analyze the effect of changing the HC KEDF parameters on the electron density distributions, as shown in Fig. 11 for triplet Al 2 with different λ values. As mentioned in Sec. IV B, the reason why the density comparison between OFDFT and KSDFT has contradictory behavior for Si 2 versus Al 2 is the different parameter sets employed for these two dimers. For Al 2 , the OFDFT density with λ equal to zero is larger than the KSDFT density in the bonding region. If λ is increased, the OFDFT density in the bonding region decreases gradually for both spin channels as shown in Fig. 11 . Although it is possible to select a parameter set to produce a ground state electron density distribution close to the KSDFT one, an accurate D 0 or ω e would not be guaranteed. This indicates that the current KEDF is still not general enough to predict good self-consistent energies and electron densities simultaneously. Table X . In order to analyze the trend in those parameters, we revisit the relationship between the parameter λ and the static dielectric constant. 43 In the HC KEDF, if we recover the original nonlocal form of s(r),
and assume s(r) is very small so that we can perform a firstorder Taylor expansion for the nonlocal term, then
Inserting Eq. (16) (16) do not contribute to the 1/|r − r | or 1/q 2 term, while one can show that the last term on the right-hand side of the Eq. (16) generates a term proportional to 1/|r − r | or 1/q 2 in the reciprocal space. Consequently, an approximate relation between λ and static dielectric constant can be obtained:
where A is related to the kernel derivative, the density distribution, and β. This equation implies that the larger the static dielectric constant, the smaller the magnitude of λ. The sign of A could not be universally determined, but in practice positive λ usually improves the results both for bulk materials and molecules. Physically, this relation also makes complete sense. For a metal with an infinitely large dielectric constant, λ would be zero and the kernel would return to a similar form as those in the WT or WGC KEDFs, whereas for a semiconductor or insulator with a finite dielectric constant, λ would be non-zero and consequently the gradient term would be explicitly included in the kernel. For molecules, the static dielectric constant is not well defined. However, the relationship derived above can be generalized at least conceptually. Usually in semiconductors or insulators, the smaller the band gap is, the larger the static dielectric constant is (as noted above, metals with zero band gap have infinite dielectric constant). As a result, we may obtain an approximate relation that the smaller the band gap, the smaller λ should be. In molecules, the band gap can be taken as the energy difference between the highest occupied molecular orbital (HOMO) and the lowest unoccupied molecular orbital (LUMO). Although strictly speaking the HOMO-LUMO energy gap in KSDFT is not equal to the true energy gap, it usually can give a rough estimate of the true gap. The HOMO-LUMO gap energies from KSDFT calculations are shown in Table XI . For the group III family dimers, we know that the optimal λ is zero, and the HOMO-LUMO gap is the energy difference between the σ and π orbitals, which is very small. For Si 2 , the optimal λ equals 0.01, and the gap is the energy difference between the π bonding and π * antibonding orbitals, which is significantly larger, as listed in the table. The situation is similar for the group V family dimers with the optimal λ equal to 0.03, and even larger HOMO-LUMO gaps. Thus the trend for the HOMO-LUMO gap is qualitatively consistent with the above relation. The smaller the HOMO-LUMO gap, the smaller λ is. In general, larger λ is suggested to treat systems with large HOMO-LUMO gaps while zero or small λ is appropriate for systems with small HOMO-LUMO gaps. 
V. CONCLUSIONS
In this work, a variety of diatomic molecules were calculated by OFDFT with the HC KEDF to test its ability to describe covalent bonds in molecules as well as semiconductor crystals. By adjusting the two HC KEDF parameters, λ and β, OFDFT can generate reasonably quantitative bond dissociation energies, equilibrium bond lengths, and vibrational frequencies compared to KSDFT, a vast improvement over other KEDFs such as TFλvW or the WT KEDFs. However, for those dimers with triplet ground states, OFDFT predicts the singlet state to have lower energy, which is not consistent with KSDFT and experiment. This failure is further reflected by comparing ground state electron densities. OFDFT yields a similar overall electron density distribution to KSDFT, but the density mismatch in the bonding region is still significant. Furthermore, OFDFT produces a significantly different spin polarization distribution from the KSDFT one, which is likely the reason for the incorrect energy ordering between different spin states. Finally, the effects of parameters on properties were analyzed. In terms of absolute energies, larger λ and smaller β tend to raise the total energy, but the relative trend of total energy for each dimer at its equilibrium bond length is similar and consistent with KSDFT results. The λ value also influences the density distribution. Increasing λ tends to lower the electron density in the bonding region. Although by tuning λ it is possible to make the OFDFT density match reasonably well with the KSDFT one, the current KEDF cannot guarantee a good electron density and bond dissociation energy at the same time. Unlike the equilibrium bond length which does not change much when adjusting parameters, the bond dissociation energy is very sensitive to the λ value. Zero and small λ generates shallow wells and small D 0 values, while large λ predicts deep wells and large D 0 values. Finally, the optimal value of λ was qualitatively related to a molecule's HOMO-LUMO gap. Zero or small λ is suggested for molecules with small HOMO-LUMO gaps and large λ is better for molecules with large HOMO-LUMO gaps.
Although the HC KEDF can predict quite good results for D 0 , r e , and ω e for diatomic molecules, it still produces considerable errors, such as significant inaccuracy in describing spin state ordering and the related mismatch in the electron spin densities. Further research is needed to improve the KEDF and potentially the LPS to make OFDFT a completely reliable and general quantum mechanics simulation tool.
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APPENDIX: CONSTRUCTION AND TESTING OF NEW BLPSs
For both KSDFT 21, 43 The Li LDA BLPS and all GGA BLPSs are constructed with the same inversion method described in the literature. 21 For each element, target electron densities for fcc, body-centered-cubic (bcc), simple cubic (sc), and CD crystal structures are obtained by carrying out KSDFT calculations with Troullier-Martins NLPSs (Ref. 18 ) generated by the FHI98 code 76 with default cutoff radii. The local term is selected as the d channel for Li, Mg, Al, Si, P, As, and Sb, and the s channel for Ga and In. The inversion procedure described in Ref. 21 is carried out by a modified version of ABINIT. 58 During the construction of the BLPSs, FermiDirac smearing with a smearing width equal to 0.1 eV is used and the plane-wave basis kinetic energy cutoff is set to 1600 eV. The k-point mesh used during the BLPS construction is 20 × 20 × 20 per unit cell for all structures. The number of atoms per unit cell is as follows: one atom for fcc, bcc, sc, and body-centered tetragonal In (Ref. 78) structures, two atoms for α-As, 79 α-Sb, 80 CD, and hexagonal closest-packed structures, three atoms for 9R Li, 81 eight atoms for α-Ga, 82 and A17 P. 83 Equilibrium structures are relaxed with KSDFT with a force threshold of 5 × 10 −5 hartree/bohr and a stress threshold of 5 × 10 −7 hartree/bohr. 3 The structures are then expanded and compressed by 2% to obtain total energy versus volume points, which are fit to Murnaghan's equation of state 77 to calculate bulk moduli. The total energy difference between different phases at their equilibrium volumes is the phase energy difference.
Two parameters in the BLPS construction, the value of the non-Coulombic part of the BLPS at q = 0 in reciprocal space and the position beyond which the BLPS recovers the Coulomb tail in real space, are adjusted so as to reproduce the equilibrium volumes and bulk moduli calculated by KSDFT with the NLPS, for the experimental ground state phase of each element. The BLPSs are further tested for each element with different crystal structures other than its ground state phase. In the test calculations, 900 eV kinetic energy cutoffs and 20 × 20 × 20 k-point meshes in each unit cell are employed. Fermi-Dirac smearing with a smearing width of 0.1 eV is used for metallic solids and no smearing is used for insulators. Comparisons of results obtained using the NLPSs versus the BLPSs are listed in the supplemental material Tables S1-S9 . 84 The new BLPSs are also plotted in the supplemental information Figures S1-S3 . 84 The BLPS results are in good agreement with the NLPS results overall. Except for the CD structure of Li, the BLPS bulk moduli are generally reasonably close to the NLPS values. For equilibrium volumes, the difference between BLPS and NLPS predictions is quite small for all structures and elements. Finally, the energy orderings predicted by BLPSs exactly reproduce the NLPS results, and the phase energy differences also generally agree well with the NLPS results, except in some cases such as fcc Si. The ground state of Ga is predicted by the NLPS and the BLPS to be fcc instead of α-Ga, which may be due to the lack of a nonlinear core correction. 85 The fcc structure is predicted to be the ground state of Li, but the energy differences between fcc, bcc, and the experimentally observed 9R structure are very small, less than 2 meV, which is certainly within the KSDFT LDA or GGA uncertainty.
